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In this article a simple proof for a reciprocity formula for sums of cotangent 
functions is presented. If the second arguments are zero, these sums are four times 
the original Dedekind sums. Subsequently, explicit expressions are derived. Finally, 
it is shown that the Berndt sums are special cases of these sums. 
1. INTRODUCTION 
When Dedekind published the “Gesammelte Werke” of his friend 
Riemann he included some unfinished papers. To the “Fragmente XXVIII” 
he wrote a supplementary article. Here certain arithmetical sums appeared 
for the first time which are called “Dedekind sums” today. They are defined 
as follows. Let 
((z)) = z - Iz1 - + if z is not an integer, 
=o if z is an integer, 
be the first Bernoulli polynomial reduced mod 1, but changed to 0 at integers 
z. Now define for positive, relatively prime integers a and c 
Dedekind showed that these sums obey a reciprocity formula, namely, 
s(a, c) + s(c, a) = - f + & i 4 +; + C). 
Together with the elementary relations 
s(a + qc, c) = s(a, c), q integer, and ~(0. 1) = 0, 
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this reciprocity formula permits a fast calculation in O(ln c) steps by a 
Euclidean algorithm for a and c. 
Dedekind sums were one of the favorite subjects of Rademacher, who gave 
a number of rather different derivations. of the reciprocity formula. His proof 
in (201 was based on the following representation of Dedekind sums 
(1.1) 
For a long time this representation remained something of a curiosity. In 
my 1957 dissertation at Kiel I supplied simple proofs for the reciprocity 
formula and various three-term expressions based on (1.1); however, these 
parts are still unpublished. 
In the last years different generalizations of (1.1) appeared in the 
literature. Hirzebruch and Zagier needed sums of products of n cotangent 
functions in connection with the Atiyah-Singer theorem, see 115, 26, 271. 
Sums of this type will be discussed in a forthcoming paper [ 121. 
Recently, Berndt introduced some “modified Dedekind sums” and proved 
reciprocity formulae for them. He and his studient Goldberg showed that 
these sums have representations in tangent and cotangent functions. Their 
results gave the motivation to complete various sketches which were written 
much earlier in connection with I15 1. 
This article is mainly concerned with the sums 
c(a,clx,z)=~ y:’ cot 71 a (1.2) 
vmodc 
Here a and c are positive, relatively prime integers; x and z are real numbers 
for which 0 <x, z < 1 may be assumed. The prime at the summation sign 
indicates that subscripts v for which the cotangent function becomes infinite 
are omitted from the sum. 
Often the following more symmetric sums are considered, 
e(a,b,cix,y,z)=L \‘I cot71 
1’ + z 
a-- x 
c cmahc C 
(1.3) 
Again, a, b, and c are positive, pairwise relatively prime integers; x. v, and z 
are again real numbers with 0 <<,)I, z < 1. The sums (1.3) can be reduced 
to (1.2): 
e(a, 6, clx,y, z) = c(abK’, clx - ab-‘y, bz - cy), bbK’ E 1 (mod c), 
On the other hand one has 
c(a, cjx, z) = e(a, 1, c/x, 0, z); 
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hence, both definitions are equivalent. Obviously, it would suffice to consider 
the simpler sums (1.2) only. However, results for the sums (1.3) are much 
easier to obtain, and the corresponding relations for the sums (1.2) follow as 
subcases. 
It should be noted that the cotangent sums c(a, clx, z) are different from 
the generalized Dedekind sums 
introduced by Meyer in [ 161 for rational x and z. These sums appeared in 
class number formulae of algebraic number fields and in the transformation 
formulae of the logarithms of Klein’s og,J~, , oZ) function. Their reciprocity 
formula was proved in my dissertation [ 61 and published in 171. The present 
notation with +x instead of -x, was first used by Rademacher in 1211. 
Meyer [18] and Grosswald 1141 showed that the sums (1.4) can also be 
represented as sums of cotangent functions, multiplied by sine functions. 
However, these representations are different from (1.2). Also, the reciprocity 
formulae for (1.2) and (1.4) are different. 
This article comprises four parts. In Section 2 the main theorems, a three- 
term relation for the sums (1.3), and the reciprocity formula for (1.2) are 
derived. The proofs are based on the simple Lemma 2.1 for the cotangent 
function which corresponds to the familiar formulae 
for the Bernoulli polynomials ((z)) and P,(z) = B,(z - [z]), where n is a 
positive integer. These identities were used in my dissertation [6) and in [ 7 ] 
for proving the reciprocity theorem of the generalized Dedekind sums (1.4); 
the later proof of Rademacher in [21] and a recent extremely elegant proof 
of Takacs in [25] for the generalized Dedekind sums-in the sense of T. 
Apostol-were all based on (1.5). The same is true for the proof of a 
vectorial reciprocity formula for higher dimensional Dedekind sums in the 
forthcoming paper [ 1 l] of the author. 
In Section 3 the reciprocity formula is used for deriving an explicit 
expression for the cotangent sum (1.2). Similiar expressions had been derived 
for the generalized Dedekind sums (1.4) in [S] and for the Apostol sums by 
Takacs in [25]. 
The explicit expression is well suited for the computation of the sums 
(1.2). Therefore, an algorithm in the style of Don Knuth is included, and a 
corresponding computer program was run as a safety check of the theory. 
In the last section we show that certain other sums which were introduced 
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by Berndt are special cases of (1.2). Their reciprocity formulae can now be 
understood more clearely as subcases of our more general expression. 
The final version of this paper owes a great deal to the suggestions of 
Zagier, whose help is greatly appreciated. 
After the completion of this article the papers [ 19, 241 became known to 
the author. There the reciprocity formula is also proved, and an explicit 
expression for the cotangent sums based on a different Euclidean algorithm 
is presented. Furthermore, the important dissertation [24] shows that values 
of L-functions of quadratic fields at s = 1 can be expressed by cotangent 
sums. This is essential for the calculation of class numbers of totally 
complex number fields of degree 4. For details see the dissertation of Sczech 
1241. 
2. THE RECIPROCITY THEOREM FOR THE COTANGENT SUMS 
To simplify the notation the following function is introduced: 
c(z) = c,(z) = cot 7cz if z is not an integer, 
=o if z is an integer. 
(2.1) 
Hence, the sums (1.3) can be written as 
In the theory of functions of one complex variable it is shown that 
c*(z) = C(Z) =; 
CL 
T 
1 
.=‘r’, X’ 
If one defines for n > 1 
cc 
c,(z) = r-n \“ 
1 
.==, @ + z)” ’ 
(2.3) 
it follows immediately that 
d 
z c,(z) = -nzc,+ ,(z), 
so that all functions c,(z) can be determined quite easily. Especially, one has 
c2(z) = csc2 712 = 1 + cot* 7cz if z is not an integer, 
=f 
(2.4) 
if z is an integer. 
The value c,(O) = 3 follows from C ,L-~ = n2/6. 
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Due to the definition (2.3) one has the simple 
LEMMA 2.1. Cvmodc c,((v + z)/c) = d?,(Z). 
Two applications of Lemma 2.1 yield for the cotangent sum (2.2) 
Amoda umodb t,modc 
v+z lltx xc --- 
C a 
Now consider the expansion 
C = e(a, b, cIx,y, z) t e(b, c, al v. z, x) + e(c, a, blz, X,Y) 
l -7’ =- Y 5’ 
abc - Amaba pmodb uzdc 
li.tx u-z --- 
a C 
+c 
i 
Pu+Y --- 
b 
For its calculation a lemma is needed. 
LEMMA 2.2. 
c(a-b)c(a-c)+c(b-c)c(b-a)tc(c-a)c(c-b) 
= -1 + &a - b) c?(c - a) 
+ 6(b - c) cz(a - b) + 6(c - a) c,(b - c). 
Here the usual notation 
6(z) = 1 if z = 0 (mod l), 
is used. 
6(z) = 0 if z f 0 (mod 1) 
Proof of Lemma 2.2. If a f b (mod l), b f c (mod l), and c & a (mod 1). 
one has 
c(a-b)c(a-c)+c(b-c)c(b-a)+c(c-a)c(c-b) 
=cotrr(a-b)cotrc(a-c)tcotn(b-c)cotrr(b-a) 
+ cot n(c - a) cot Z(C - b) = - 1. 
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The last identity follows from the well-known relation 
(cot A + cot B) cot@ + B) = cot A cot B - 1, 
by setting A = ~(a - b), B = ~(b - c), so that A + B = $a - c). 
If a E b (mod l), b f c (mod l), and hence c f a (mod l), one has 
c(a-b)c(u-c)+c(b-c)c(b-a)+c(c-a)c(c-b) 
= c’(c - a) = -1 + c*(c - a). 
If, finally, a = b = c (mod l), 
c(u - 6) c(u - c) + c(b - c) c(b - a) + c(c - a) c(c - b) 
=0=-l +6(0)($+f+f), 
which proves Lemma 2.2. Lemma 2.2 is now applied to (2.5). This yields 
.lmoda Gmodb t,modc 
v+z /I + x --- 
C U 
P +?’ u--x 
b i 
Let us define 
x’ = cy - bz, y’=uz-cx, z’=bx-uv _ . 
These three expressions are not independent; one has 
ux’ + by’ + cz’ = 0. 
(2.6) 
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Furthermore, since a, b, and c are pairwise relatively prime, there exist 
integers A, B, and C such that 
Abc+Bac t Cub= 1. 
Consider the first sum in (2.6); 1 and ,LI are subject to Ab -pa + bx - ay = 
ib --u t z’ = 0 (mod ab). A multiplication by AC yields L E -Acz’ 
(mod a). Hence, 
ci+x-z~+k2z’ +w++Ac2z’ -y’) 
a a 
tax’ t Achy’ - y’) 
This leads to 
= Acx’ - (Bc + Cb) y’ (mod 1). 
THEOREM 2.3. Let a, b, c be pairwise relative!v prime integers, and 
define A, B, C by Abe + Bca + Cab = 1. Let x, y, z be real numbers with 
O<x,y,z( 1 andsetx’=cy-bx,v’=az-cx,z’=bx-ay. Then 
e(a, b, c 1 x, y, z) t e(b, c, a / Y, z, x) t e(c, a, b ( z, x, y) 
= -1 + ; S(z’) c,(Acx’ - (Bc $ Cb) y’) 
t ; 6(x’) q(Buy - (Ca t Ac) z’) 
t;J(y’)c,(Cbz’-(AbtBa)x’). 
Theorem 2.3. is now applied to the special cotangent sum c(a, clx, z) = 
e(a, 1, c 1 x, 0, z). One has x’ = cy - bz = -z, y’ = az - cx, z’ = bx - ay = x. 
The integer B in 1 = Abe + Bca + Cab = AC + Bat + Ca can be chosen as 
B = 0. Furthermore, one has e(c, a, 1 (z, x. 0) = c(-z) c(-x) = c(x) c(z). This 
yields the 
RECIPROCITY THEOREM 2.4. Let a and c be positive, relatively prime 
integers; let x and z be real numbers with 0 <x, z < 1. Furthermore, let A 
and C denote integers for which AC + Ca = 1 holds. Then 
c(a, CIX, z) + c(c, alz. x) 
= - 1 - c(x) c(z) + + 6(x) c2(z) $4 6(z) c2(x) 
$ & 6(az - cx) c,(Az + Cx). (2.7) 
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3. THE FAST COMPUTATION OF COTANGENT SUMS 
The cotangent sums can, of course, be calculated by their very definition 
(1.2). Such a process is slow if c becomes large. A fast calculation is based 
on the reciprocity formula (2.7) and the following elementary relations: 
c(u + qc, c/x, z) = c(u, clx - qz, z). q integral, (3.1) 
c(0, 11 x. z) = -c(x) c(z). (3.2) 
The stated identities are utilized in the following way. If a is negative, 
c(-a, c/x, z) = -c(a, cl-x, z) (3.3) 
has to be applied first. If a > c, change c(a, clx, z) into a sum for with a < c 
by means of (3.1). Hence, it can be assumed that a is smaller than c and 
both are positive. Now use the reciprocity formula for exchanging the 
numbers in the positions a, c and x, z. The new a is greater than the new c 
and can therefore be reduced by another application of (3.1). Repeated steps 
of this kind will decrease the numbers in the positions a and c until finally 
(3.2) becomes applicable. 
The process suggests a Euclidean algorithm for a and c, a < c assumed. 
Set 
U” = c, a, =a, ait1 = ai-, - ujqj. 
where qi = [ai-,/ail. i= l,..., k. 
(3.4) 
The uj form a decreasing sequence due to the definition of the qi. Since a 
and c are relatively prime, one has, finally, 
uk= 1, U - 0, ktl- thus determining the integer k. (3.5) 
The x and z are also changed by (3.1). We define a second sequence 
x0 = z, x, =x. sj+l =Xi&] -xiqiy i = l,..., k. (3.6) 
In each application of the reciprocity formula one needs 
ui+ ,xi - u,xi+, = (Cl-1 -“jqi)Xi-ui(xi-, -Xjqj) 
= - (u,x,_, - UiplXi). (3.7) 
The last identity shows that the absolute value of this expression remains 
constant during the whole process. Equating i to k in (3.7) and noticing (3.5) 
yields 
x kt, = (-l)‘+k-’ tai+ lxi - uixi+ 1) for i = 0, l...., k. (3.8) 
Especially, one has x~+, = (--l)k-’ (uz - CX). 
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If x k+, = 0 (mod l), one needs integers bi such that aibi+, + a,, , b, = 1 
holds for each i. For this purpose define a sequence bi by 
b - 1, k+l - b, = 0, bi-,=bi+,-biqiq i = k,..., 1 
One has 
atbi+ 1 + ai+ 1 bi = Qi(bi- 1 + biqi) + (ai- 1 - a,qi) b; = ai- b; + a;bi-, 
for i= 0, l,..., k. Since akbk+, + ak+, k - b I, the sequence bj fulfills its 
purpose. Furthermore, 
bi+ 1Xi + biXi+ 1 = (bi-, + biqi) Xi + bi(xi-, - Xiqi) 
= biXi_, + bi~,Xi 
shows that this expression remains constant also. Finally, b,, , = 1. b, = 0 
leads to 
xk = bi+ IXi f biXi+ 1 for i=O, l,..., k. (3.9) 
The reciprocity formula is now stated for the pairs ai, a, _, and xi, xi-, . 
Since 
C(ai~~~~ilx~~~~X~)=c(ai+~+aiq~~ailxi+~ +qixj9xi) 
=c(Uj+,,ailxj+,3xi)3 
one has for i = 1, 2 ,..., k, 
c(aj~ai~~~Xi~Xj-~)+C(aj+~~a~~xi+~~xi) 
= -1 - C(Xi_ ,) C(Xi) + 
=-lbC(Xi&l)C(Xj)+ qi+ 
( zy) d(xi) c2(xi- 1) 
A multiplication by (-l)‘-’ and summation for i = 1, 2,..., k yields (notice 
that C(ak+l,aklxk+l,Xk)=C(O, ‘ixk+19 xk) = -dxk) dxk+ I>> 
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= (i, (-l)i + h$’ (-1)i C(Xi_ ,) C(Xi) 
i=l 
+ 6(x,) 4 cz(x]) + t 6(X,)(-l)‘-’ ~jC*(Xj&,) 
i= I 
k, (-I)‘-’ 
+ 4x,+ I) CZ(Xk) K IT] UiUj-1 ’ 
(3.10) 
The last sum in (3.10) is calculated by 
LEMMA 3.1. JJ::, (-l)‘~‘/uiui~, = (-l)kP’sk-,/sk, where the si are 
determined recursively from 
s - 0, -I - so= 1, Sj=Si-]qj+Si-~ for i = l,..., k. (3.11) 
Proof of Lemma 3.1. Consider the identity 
SiUi+Si&jUi+j = (sj-19j + sjpl) uj + sj-](“i-] -Uiqj) 
Since uk+ , = 0, a, = 1, it is equal to sk. Hence, 
A multiplication by (-l)‘-’ leads to 
proving Lemma 3.1. (The si are the numerators of the convergents of c/u.) 
Formula (3.10) and Lemma 3.1 are combined into 
THEOREM 3.2. Let a and c be positive integers and assume a < c. Let 
the integers a, and qi be dejked by a,, = c, a, = a, a,, , = ai_, - uiqi, where 
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qi= [u,-,/u~]. Define si by s-1=0, so= 1, si=si-iqi+~i-2~ and Xi 6~’ 
x()=z, x,=x, xitl =xi-l -xiqi. Then 
c(a,c~x.z)+-l)k- l}+ 
ktl 
S (-l)’ c(xi- 1) C(Xi) 
i= 1 
+ 2 &x,)(-l)” qicz(.Yi&l) 
i=l 
+ 6(x,+ ,)(-I)“-’ +c&tk). 
So far Theorem 3.2 is only proved if a and c are relatively prime. For the 
general case (a, c) = t > 1 a lemma is needed. 
LEMMA 3.3. c(ut, ct 1 x, z) = c(u, c 1 x, z), t integral. 
ProoJ If P runs through all integers mod c and ,U assumes all integers 
mod t, then ,UC + v attains all integers mod ct. Hence, by Lemma 2.1, 
c(ut, ct 1 x, z) = ~,~~,~~,,C~~C+c~+z)cj~Uc+c~+z -x) 
Now the remaining case (a, c) = t > 1 in Theorem 3.2 can be treated. If 
t > 1 change a, c into u/t, c/t. Since the quotients qi are the same for both 
pairs, the fact t > 1 does not effect formula (3.12) in Theorem 3.2. 
Theorem 3.2 is now restated as a computer program in the style of Knuth. 
Such programs can easily be translated into one of the existing computer 
languages. A corresponding BASIC program was run as a safety check on 
the theory. 
The program consists of four parts. In the preparations a is changed into a 
positive number such that a < c holds. If x, = z E 0 (mod 1) the third term 
in (3.12) has to be calculated first. In the calculations the second or the 
fourth term have to be determined. The transformations carry out the 
calculations of the ui, si, and xi. In theJnu1 evaluations the last term of the 
second sum or the last expression in (3.12) has to be calculated. The sign 
(-l)‘-’ is equated to E, so that finally E becomes (-l)k. 
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Algorithm CT: Calculation of c(a, clx, z) 
P. Preparations. 
Set Ft 1. 
If a <O set at-a, x+-x, and Fe-l. 
Calculate q t [a/c]; 
seta+a-qxc,xtx-qxz,xtx-Ix],zcz-lzj. 
Set r+O, s+ 1, Et 1, GtO. 
If a = 0 go to F. 
If z = 0, s > 0 set G t (cot’ nx + 1) x a/c. 
If z = 0, x = 0 set G t a/c. 
C. Calculations. 
Calculate q e [c/a]. 
If x > 0, z > 0 set G t G - E X cot XX X cot rrz 
If x = 0, z > 0 set G t G + E X (cot2 7cx + 1) X q. 
If x = 0, z = 0 set G t G + E x q. 
T. Transformations. 
Set h + c, c c a, a t h - q x c; 
set h+z, Z+X, x+h-qxz, x+s- [xl; 
set h + r, r + s, s t h + q x r. 
Set E + -E. 
If a > 0 go back to C. 
F. Final Evaluations. 
If x > 0, z > 0 set G t G -E X cot rrx X cot XZ. 
If x = 0. z > 0 set G t G - E X (cot’ irz + 1) X r/s. 
If x = 0, z = 0 set G c G -E X r/s, G + G/3. 
Return G + F x (G + (E - 1)/2). 
In a computer program one has to be careful with statements like “If 
x = 0 set....” Since the x and z are transformed, x can become numerically 
+F or 1 - E, although it should be exactly 0. Therefore, a tolerance 
D= 10md is needed, and a sufficient formulation would be: “If 
x - Int(x + D) < D, set....” 
Contrary to ordinary or generalized Dedekind sums (1.4), the cotangent 
sums are not bounded. This can be seen easily from ~(0, 1 Ix, Z) = -cot 71~’ 
cot rtz provided that x f 0 and z f 0 (mod 1). 
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4. CONNECTIONS WITH BERNDT SUMS 
Berndt devoted many of his papers to Dedekind sums and their 
generalizations. In [2] he introduced the “modified Dedekind sum” 
Here a, /I, h, and k are positive integers with (h, k) = 1; the integer h -’ is 
defined by h-‘h 3 1 (mod k). In [3] he derived the alternative representation 
Obviously, these sums lit into our concept. One has 
a = h, c = k, 
and az - cx = hz - kx = 0. 
Consequently, one has only to calculate AZ + CX, where A and C are 
integers such that AC + Ca = 1 holds. Hence, 
Az+Cx=A (a++/3) +C (a++ 
= + (Ak + Ch) + ; (Ak + Ch) = akh+kph . 
This leads to the reciprocity formula 
s,,o(k k) + s,,,(k h) 
11 nak @h 1 
=--q-qcothCOtk+- 
4hk t 
cot2 n 
ak+bh 
hk +I’ 1 
This is exactly Theorem 6.2 of Berndt’s paper [ 3 ]. 
In the last years Berndt derived in [4] formulae for the logarithms of the 
classical theta functions under modular transformations. In these formulae 
302 ULRICH DIETER 
some arithmetical sums appeared for which Berndt and his student Goldberg 
derived representations in tangent and cotangent functions, see 14, 61. Since 
tan 71x = -cot n(x - {) 
holds, their sums are special cases of the cotangent sums. The six Berndt 
sums and their different representations are listed. below. It is always 
assumed that h and k are coprime integers with k positive. 
(0) If h, k = 0, 1 or I,0 (mod 2), then 
k-1 
S(h, k) = \‘ (-l)U+I+thdfd 
,I 
1 ; -  W2P -  tan 1) - =- 
k 
2k 
cot 74% 1) 
, ,  2k 
1 k-l 
- cot?7 
k uk,, 
hCu+i)-l cotirP++ 
k 2 ! k 
(1) If h, k = 0, 1 (mod 2) then 
sl(h, k) = + (+‘plkl 
u=1 
1 (7 
cot N2~ -  1) cot 7@~ -  1) i k+l =-- 
2k ,Y, 
2k 2k PUf2 1 3 
(2) If h, k= 1,0 (mod 2), then 
1 F’ nhcr 
4k ,Y, 
tan k cot T 
1 ke’, 
=+4k,, 
cot= ~~-tjcot~=fCih,kl~,O). 
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(3) If k = 1 (mod 2), then 
s3(hrk)= 5 (-1)” ((;j] =& if nhcu 
p=l ,?I 
tan T cot T 
=-+c (h,k1+,0). 
(4) If h s 1 (mod 2), then 
k-l 
S4(h, k) = 2 (-l)[h”fk’ = + $ cot “h’2;k- ‘) Cot T2 
p=l u-1 
1 k-l 
=- 
k & 
7 cot x hCu + 1) cot 71 P + 4 
k 
,=c(h,ki O,+j. 
(5) If h, k= 1, 1 (mod 2), then 
Ss(h, k) = t (-ly+[“ulkl fi=l 
l-G zz- 
2k , t ,  
tan W2p -  1) cot 4% -  1) 
2k 
The reciprocity theorem for c(a, clx, y) can now be spezialized to the 
Berndt sums. It yields immediately: 
(i) If h, k = 0, 1 or 1,0 (mod 2), then 
S(h,k)+S(k,h)=-c(h,kl+.+)-c(k,hl;,f)=-(-I)= I. 
Note that hz - kx = (h - k)/2 = f f 0 (mod 1). 
(ii) If h, k = 1, 1 (mod 2), then 
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Note that hz - kx = (h - k)/2 = 0 (mod l), but AZ + Cx = (A + C)/2 = 
(Ak + C/z)/2 = j (mod 1) and c,(i) = 1. 
Obviously, the three cases (h, k) = (0, l), (l,O), and (1, 1) (mod 2) 
exhaust all possibilities for c(h, kl j, i), 
(iii) If h s 0 (mod 2), then 
sl(h, k) - 2s,(k, h) = - ; c h, k 
Note that hz - kx= h/2 = 0 (mod 1). One has AZ + Cx = A/2; from 
1 = Ak + Ch z Ak (mod 2) it follows that A E 1 (mod 2). Hence, 
Az+Cx=i(modl). 
(iv) If k = 1 (mod 2), then 
2s,(h, k) - s4(k, h) = -c [h. k / +, 0) - c (k, h / 0, +) 
Note that hz - kx = k/2 f 0 (mod 1). 
The reciprocity formulae (i), (iii), and (iv) are due to Berndt [3]; (ii) was 
stated by Goldberg in his Ph.D. thesis [ 131. They can all be found in their 
forthcoming joint paper [ 5 1. 
Rademacher gave in [22] different formulae for the logarithms of the 
classical theta functions under modular transformations; the formulae 
contained only ordinary Dedekind sums for different arguments. 
Furthermore, the Berndt sums are strongly related to the generalized 
Dedekind sums (1.4), since the theta functions are special cases of Klein’s 
a,,,-function for (z, x) = (0, i), (4, 0), and (i, 4). For details see the author’s 
forthcoming paper [ 9 1. 
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